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1 Introduction 



Let T'' := W'' /J/^ denote the flat d-dimensional torus and /3 > 0, e M and a G {0,1} be fixed 
constants. We consider the following partial differential equation in T'* X with (scalar) unknown 
functions f{t,x,u) and P(t,x): 

dtf{t, x,u) + u- Vxfit, X, u) = Vu.f{t, X, u) ■ (^xP{t, x) + (3 (^u- a J vf{t, x, v) dv 

2 

+ Y^ufit,x,u)+I3df{t,x,u) on (0,T] X T'' X M'', (1.1a) 

/(O, X, u) ^ fo{x, u) on T'' x and (1.1b) 

f{t,x,u)du = l on [0,T] XT'. (1.1c) 



This "constrained" equation of kinetic type can be understood as a the Fokker-Planck equation associated 
with the stochastic differential equation in x : 



Xo+ f Us ds] , Ut^Uo + aWt- f V,P(s, Xs)ds - P f {Us 
Jo J Jo Jo 



aE{Us\Xs))ds (1.2a) 



law{Xo,Uo) = fo{x,u)dxdu, (l-2b) 
F{Xt G dx) = dx, for aU t G [0, T], (1.2c) 

where the drift term is unknown and where x i— >■ [x] denotes the projection on the torus. Equation 
(1.2) constitutes a laboratory example of the class of Lagrangian stochastic models for incompressible 
turbulent flows, introduced mainly by S.B. Pope in the eighties in order to provide a fluid-particle 
description of turbulent flows and develop probabilistic numerical methods for their simulation. We 
refer the reader to [15] for a general presentation of this turbulent model approach in the framework 
of computational fluid dynamics, and to [2], [8] for a survey on mathematical problems raised by the 
Lagrangian stochastic models. In physical terms, when a = 0, the process Ut representing the velocity 
of a fluid particle reverts towards the origin like an Ornstein-Uhlenbeck process with a potential given 
by the standard kinetic energy Ejf/fp. When a = 1, reversion towards the origin in (1.2a) is replaced 
by reversion towards the averaged velocity or bulk-velocity, E([/j|Xt = x), which can be associated to the 
local-in-space potential E(|J7t — E(?7i|Xt)p|Xt = x), interpreted as the turbulent kinetic energy (notice 
that under condition (1.1c) or (1.2c) J^^vf{t,x,v)dv is the conditional expectation E([/t|Xt = x)). In 
both cases, the additional drift term VxP{t, x) is interpreted as the gradient of a pressure fleld intended 
to accomplish the homogeneous mass distribution constraint specified by equations (1.1c) or (1.2c), in 
other words to force the particle position Xt to have a macroscopically uniform spacial distribution. 

In spite of its relevance for the simulation of complex fluid dynamics (see e.g. [13], ]1G] and the 
references therein), a rigorous mathematical formulation of the Lagrangian stochastic models, and in 
particular of the uniform mass distribution constraint, has not yet been given. Indeed, equations (1.1) 
and (1.2) exhibit several conceptual and technical difficulties, and to our knowledge there is so far no 
direct strategy for its study or mathematical results about it, neither in the field of stochastic processes 
nor in that of kinetic PDE. In [8[, first well-posedness results on a simpler kinetic model were obtained, 
which featured nonlinearity of conditional type. From a probabilistic point of view, the conditional 
expectation was treated as a McKean-Vlasov equation. This enabled the authors to also construct 
a mean field stochastic particle approximation of the nonlinear model. Combined with an heuristic 
numerical procedure to deal with the constraint (1.2c) and the pressure term, that particle scheme gave 
rise to a stochastic numerical downscaling method studied and implemented in [2[. Extensions of some 
of those results to a relevant instance of boundary value problem were obtained in [(i[ and [7[. However, 
in spite of the formal resemblance of the uniform mass distribution with the case of the incompressible 
Navier-Stokes equations, there is so far no rigorous mathematical evidence that (1.2c) can be satisfied 
by adding a force term of the form V^Pit, x) in the linear Langevin process (a trivial exception is the 
situation \7xP = of the stationary Langevin process, considered as a benchmark for the stochastic 
downscaling method in [2]). 

The aim of this paper is to address for the first time the well-posedness of a relatively simple instance of 
Lagrangian stochastic models, yet satisfying in a non trivial way the uniform mass distribution constraint. 
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A first step in our study will be to establish an alternative formulation of the previous equation. In the 
Lagrangian modeling of turbulent flow, the constraint (1.2c) is indeed formulated heuristically by rather 
imposing some divergence free property on the flow, which in the case of system (1.2) would correspond 
to a divergence free condition on the bulk velocity fleld: 

V, •E(C/t|Xt = x)=.0. 

By taking the divergence of a formal equation for the bulk velocity derived from the Fokker-Planck 
equation, and resorting to a classical projection argument on the space of divergence free fields, it is then 
assumed that the fleld P verifles an elliptic PDE, which in our notation is written as 



a 

A.,P{t,x) = -J2 d..^,^{ 



(1.3) 



(see [IC] for a precise formulation and related numerical issues). Consistently with this heuristic point 
of view, we will rigorously show below that, under natural assumptions on the initial data, any smooth 
pair (/, P) that is a classical solution to (1.1) must also be a solution to the system 



dtf{t, x,u) + u ■ Vxf{t,x,u) = —Auf{t,x,u) + l3df{t, x, u) + jSu ■ Vuf{t, x, u) 



V„/(i, x,u)-[ V,P(i, x)-Pa I vf{t, X, v) dv] =0 on (0, T] x T x 
d 



f{Q,x,u) = /o(x,m) on T'^ x 

d 

A,P{t,x) ^-J2 dx,. 



(1.4) 



ViVjf{t,x,v)dv on [0,r] x T"*, 



where, plainly, condition (1.1c) has been replaced by the above Poisson equation. The two systems 
however seem not to be equivalent in general. From the PDE point of view, the interest of formulation 
(1.4) is that it allows us to see the original problem as an instance of Vlasov- Fokker-Planck type equation, 
albeit highly singular: the gradient of the pressure field turns out to be the convolution of the derivative 
of the periodic Poisson kernel with the function — X]f j=i dxtxj /ud ViVjfit, x, v)dv. Existence of smooth 
solutions to nonlinear kinetic equations with singular potential has been addressed in several situations, 
mainly recently, see e.g. [1], [14] for the nonlinear Vlasov- Poisson equation and ].!], ]4] and ]11] for gyro- 
kinetic models. However, the simultaneous regularity control of the solution and its second moments, 
required to rigorously formulate equation (1.4), does not fall into previous mathematical frameworks. 

In the case c? = 1, we can specify P{t, x) on [0, T] x R by P{t, x) = — /jj u^f{t, x, u)du. Hence, in the 
present paper, we restrict ourselves to the simpler situation of the one-dimensional equation 



dtj{t, x,u)+u- dxfit, X, u) = —dlf(t, X, u) + (ij{t, x, u) + l3uduf{t, x, u) 



+ duf{t, X, u) \^d^P(t, x)- 13a J vf{t, x, v)dv ) = on (0, T] x T x M, 
/(t, a;, u) = fo{x, u) on T x M, 
P{t,x) = - u^f{t,x,u)du on [0,r] x T. 



(1.5) 



To tackle the system (1.5), we will follow new ideas introduced in [12], in order to obtain a local existence 
result of analytical solutions. Our main results are valid irrespective of whether cr 7^ or ct = 0, and 
hold for any /3 G R. We summarize them in the following simplified statement: 

Theorem 1.1. Let A > and s > A he an even integer. There exist a constant Kq = kq{X,s) and a 
positive function r 1— >■ Ki(r, A, s) such that i/ /o : T x M — > R of class C°° and T > satisfy: 

* foix, u)du — 1 and dx J^d ufoix, u)du = for all x £ T, 

• 11(1 + M^)i9^5^/o||oo £ Co{k+m)\{i+n)\ Jqj. gg^^ n,m G N, all pair of indices k,l eN and a constant 
Co < kq{X, s), and 
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then a classic smooth solution f to equation (1.5) exists in [0, T] x T x K. and satisfies: f{t, x, u)du = 1 
and dx /jjd ufit, x, u)du = for all {t, x) G [0, T] x T . 

In the case d = 1 and a ^ Q, this result will yield the following statement on the " incompressible 
Langevin process" (1.2): 

Corollary 1.2. Under the assumptions Theorem 1.1, there exists in [0,T] a solution (Xt,Ut) G T x M 
of the singular McKean- Vlasov SDE 



Xo+ [ 



Usds 



Ut^Uo + aWt + / a 



v?Ps{-, u)du 



{Xa)ds — /3 / [ Us — a u ps{Xs, u)du ) ds 



law{Xt, Ut) = Pt{x, u)dx du, po{x, u) ~ fo{x, u). 

Moreover, law{Xt) = dx for all t G [0,r] and {X, U) is a solution of the stochastic differential equation 
(1.2) with the pressure field P{t, 2;) = — u'^pt{x, u)du. 

The remainder of the paper is organized as follows: 

In Subsection 1.1 we briefly establish the validity of system (1.4) for any solution to equation (1.1) in 
arbitrary space dimension, and state additional conditions required in order that, reciprocally, a solution 
to the former also solves the latter. From Section 2 on, we restrict ourselves to the one-dimensional case. 
We recall therein the analytical norms and seminorms introduced in [12] and we state useful properties 
of them. Following their strategy, in the case /3 = we then introduce an equivalent formulation of 
equation (1.5), in order to deal with the integrability problems posed by the first and second order 
velocity moments involved in the equation. We then show that solutions to (1.4) in these particular 
spaces of analytical functions actually do satisfy the conditions required to be solutions of (1.1). Using 
the fixed point argument of [12], we will then prove a local existence result in these analytical spaces, 
which indeed is a slightly more general version of Theorem 1.1 restricted to the case /3 = 0. In Section 
3, we extend the previous result to the case /? > 0. In Section 4 we deduce from the previous sections 
a local existence result for the stochastic differential equation (1.2). Finally, some technical results are 
proved in the Appendix section. 



We fix some notation to be used throughout: 

• r > is a fixed time horizon. 

• Functions [0, T]xT'^xW^ 3 {t, x, v) 1-^ <j>{t, x,v) eM. are identified with functions [0, T] x M'* x M'* 3 
(t, X, v) I— >■ (j){t, x,v) G R that are 1- periodic in the variable x. Similar identification are made for 
functions defined on [0,r] x T'' and T''. 

• Given T > and d G N, a function (/) : [0,T] x E ^ R with E = R'^ x R'^, x R'^ or E = T'' is 
said to be of class C'''^ for k G {0,1} and / G N U {00} if it has continuous derivatives up to order 
k in t G [0, T] and up to order I in y E E (or of all order if I = 00). For functions cf) : E R the 
notation C' is used analogously. 

In order to lighten the notations, the dependency in (t, x, u) or [t, x) of functions appearing inside 
equations will be omitted when no ambiguity is possible. 



1.1 The Lagrangian stochastic model coupled with a Poisson equation 

We start by establishing connections between conditions related to the homogeneous mass distribution 
constraint, which are valid in arbitrary dimension: 
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Lemma 1.3. Assume that f is a classical solution to equations (1.1a) and (1.1b) for some function 
P : [0,r] X T'' ^ M'' of class C°'2. Moreover, assume that 

p{t,x) := / f{t,x,u)du, V{t,x) := / uf{t,x,u)du 



are functions of class C^'^ in [Q,T] x T"^, that u'^\D^"'f{t,x,u)\du < +oo for each multiindex \m\ < 2 
and each {t,x) G [0,T] x T'' (where D is the derivative operator), and further that for all t G [0,r] the 
function 



ViVjf{t, x, v)dv 

is of class . Then, the following system of equations is satisfied for {t,x) G (0,r] x T'*; 
dtp + Vcc-V = 0, 

d „ 

^^(V, •F)+/3V, -y + V, •(/9(V,P-/3ay))+ V 9,.,^ / v,v,f{t,x,v)dv = 
We deduce: 

a) p{t,x) — p{0,x) for every {t,x) G [0,r] x T'' if and only if ■ V{t,x) — for every {t,x) G 
[0,T] x T''. 

b) Va; • V{t,x) = e^^^Vx ■ V{0,x) for every {t,x) G [0,r] x T'^ if and only if P satisfies the equation 
of elliptic type: 

d „ 

V, • {pit, x) {SIxP{t, x) - PaVit, x)))=-Y,d^ iXj I ViVjf{t,x,v)dv, (t, cc) G (0, T] X T . 

c) If in addition to (1.1a) and (1.1b), condition (1.1c) is verified, then P(t,x) is a solution to the 
Poisson equation 

d ^ 

AxP{t, a;) = - V dx,x, / v,v,f{t, x, v)dv, {t, x) G (0, T] x T''. 

d) Set p{t,x) := p{t,x) — 1. If in addition to (1.1a) and (1.1b) we assume that the Poisson equation 
in part c) holds, we have: 

when a^l, dt{Vx-V)+Vx- {p (V,P - l3V{t, x)) ) = 0; 
when a = 0, dt{Vx ■V)+Vx- {p{t, x)V,P) + /3V, • F = 0. 

Proof. The first equation is obtained by integrating equation (1.1a) with respect to w G M'', and using 
the assumptions in order to integrate by parts and get rid of integrals of divergence type terms. To get 
the second equation, we first take the derivative with respect to the variable Xi in equation (1.1a), then 
multiply it by Ui and sum over i = 1,. . . ,d, before integrating and proceeding as before. Statements 
a),b),c) and d) are then easily deduced. □ 

Remark 1.4. a) According to Lemma 1.3 part c), finding a solution to equation (1.1) requires in 
particular to find a solution to the highly singular Vlasov-Fokker- Planck equation (1.4). 

b) If conditions (1.1a) and (1.1b) hold, and the Poisson equation in Lemma L3 part c) is satisfied, 
the equation obtained in Lemma 1.3 part d) together with the continuity equation 

dtp{t,x)+\7x-V{t,x)^0 

furnish a system of two equations that the pair (p, V) must satisfy. Thus, a strategy to prove 
in that situation that (1.1c) also holds is to prove that such a system has the unique solution 
p{t,x) = V^^ • V{t,x) = when starting from (0,0). We will be able to do this in the functional 
setting that we will consider, deducing thus a solution to (1.1) from a solution to (1.4). 
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2 Local analytic well-posedness in the vanishing kinetic potential 

case {f3 = 0) 

In this section, we construct an analytical solution to the nonlinear Vlasov-Fokker-Planck equation 
associated with the incompressible Lagrangian stochastic model up to some small time horizon T, in 
the case /3 = 0. Using the weighted analytical functional space introduced in [12] and a fixed point 
argument developed therein, we shall give in Theorem 2.5 below a local-in-time well-posedness result for 
the nonlinear Vlasov-Fokker-Planck equation: 

2 

dtf + udj - d^Pduf - Y^lf = on (0, T] X ^^pp^ 



f{0,x,u) = fo{x,u) on 



where 



P{t,x) = - u^f{t,x,u)du, {t,x) e [o,r] X R. 
Jr 

Notice that periodicity is not yet imposed. Then, we will show in Corollary 2.6 that if the obtained 
local solution f{t, x, u) of (VFP) satisfies at t = the condition 

(Hunif(t)) : 

f{t, X, u) is 1 — periodic in x for all u € M, 

f(t,x,u)du = 1 for all X e T [Uniform mass repartition in T), 
dx j-jiuf{t,x,u)du = for all x gT (Mean incompressibility in T), 

it then satisfies a fortiori the same properties for all t G [0,r]. To establish the latter result, the choice 
of analytical functional spaces and the use of the analytic norms in [12] will also be fundamental. 

2.1 The nonlinear Vlasov-Fokker-Planck equation in analytic spaces 

We start by defining the functional spaces where an equivalent version of equation (VFP) will be studied. 

A function 9 {x,u) i-t- tl){x,u) € M having bounded derivatives of all order is said to be analytic 
if there exists C > and some A > such that for all k,l gN, 



Xk+r 

where || • ||oo is the uniform norm on R^, and where the convention 0! = 1 is used. For such functions 
and a general A > 0, we introduce the analytic norm: 

\k+l 

and observe that \\^\\\ is finite whenever A < A. We further introduce the A-derivatives of these norms 
for each order a G N, 

k+l>a ^ ' 

Notice that ||'i/'l|A,o = II^IU- We then define respectively a norm and a seminorm by 

Last, we define the functional spaces associated with || ||-h.a and || ||^ : 

n{\) := {V^ e C°°(R2)such that < +00} , (2.2a) 

n{\) :== \i) e C°°{R'^) such that HV'II-h^a < +°°} ■ (2-2b) 

The next two lemmas giving some insight about these (semi) norms and will be useful later on: 
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Lemma 2.1. Let v : R'^ ^ R of class C°° be such that \\dldtv\\oo < for some C, A > 0, 

some m, ri, j G N and all k, I > j . 

a) If the previous holds for j = 0, then v G 'H(A) for all A £ [0, A). 

b) If the previous holds for j ~ 1, then v G 'H(A) for all A G [0, A). 

Proof. For a > j and A G [0, A) we obtain from the assumption that 

d" ., ,, y-^ {k + iy.{k + my.{l + ny. ,^ ,^{k+i-a) 
dA^"'"""^'°-r ^ fcm(fc + ^-a)! 

k+l>a ^ ' 

" r" ^ (fc - m)\{l - n)!(fc + ; - (a + m + n))! ' ' > 

^ k+l>a+m+n,k>m,l>7i ^ J \ J \ \ )) 

changing indexes fc + m to A: and Z + 7i to L Since ( '^t-m ) ! ("-ti ) !''( fc+ ; ) ! — ^ k > m,l > n, we deduce that 



A;+/>a+m+n 



Observing that for r G [0,1), Efe.zeN''''^' (Ejgn^^)^ (T^ ^'^d 1^(1=7)^1 - (^ + ")'' '^'^ conclude 
that 

I II 1 ,, ,. ^ I (a + 1) ■ ■ ■ (a + m + n + I) 

(^^IIHU.o < ^^-^ ^ < +00 and 

a=0 ^ ' a=0 ^ 



II „ Cv- 1 (a+l)---(a + ™ + " + 2) 



^ (a!)2dA-" A 

a— 1 ^ ' a— 

□ 

Remark 2.2. Owr mam results below deal with initial data in the spaces 'H(A) and 'H(X). By part a) 
of Lemma 2.1, for each analytic function f such that \\f\\x < +oo for some A > 0, one can find some 
A' > such that f G ?{(A'). Similarly, part b) of Lemma 2.1 shows that if ||/||a,i < +oo for some A > 0, 
then f G H(A") for some other A" > 0. Therefore, our results will cover a large class of analytic initial 
data. The reason why spaces H(A) and H(A) are useful here is that they will offer a more precise control 
on the convergence near the radius of analyticity as time varies. 

Lemma 2.3. Let -0 be an analytic function defined on . Then: 

(i) For each a G N one has ||V'||A.a+i = ||9a;V'j|A.a + H^u'i/'ll A.a- We deduce that 

IIV'II«,A = \\dx-ip\\H,\ + \\duM\-H.X- 

(ii) Moreover, 

d\' 

(Hi) Last, for any pair ipi, ip2 of analytic functions defined on 

\\i^ii'2\\\ < ||''/'i||a||V'2||a- 

Proof, (i). The first identity foUows from 

d-^+i 1,^,11 _ ^ (m + /)---(TO + /-a-l)A"'+'-''-i 

m+/>a+l 



-mn.x = \mnx- 



nx^a.^~mx,= E "^""••"'";;^r — "^^"^ 



V (m + / - 1) ■ ■ ■ (m - fl + / - l)A"'-°+'-i , 

m+t>a+ld>l ^ ' 

V hTi-\ + l)---(l-a + m- l)A'-"+— 1 

Tn+i>a+l,m>l ^ ' 
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by respectively changing the indexes I to I + 1 and ?7i to m + 1 in the first and second sums in the 
last expression. Multiplying by -^^fp- both sides of the previously established identity and summing the 
resulting expressions over a > 1 yields the identity for (ii) readily follows from 



dX 



Finally, since \\d^,dl{^^^2) lU < E.=o EUo C^[^^rl|9^9::^i||oo||9r'-ai-"^2||oo, we have 



kill 



\r+ji \ (fc-r) + (/-ri) 



k>r l>j 



{k - ry.il -n)V 



which provides (iii) by changing the indexes A; to fc + r and Z to ^ + n in the inner sums. 



□ 



We now observe that finiteness of the analytical norm of a solution / to (VFP) is not enough to 
provide a control of the function (t, x) i— u^f{t, x, u)du. This is the reason why we introduce a weight 
function intended to truncate the velocity state space in a suitable sense. More precisely, assume that 



/: [0,T] 



is a C '°° solution of equation (VFP) with bounded derivatives of all order, and set 



g(t,x,u) uj{u)f{t,x,u), 



(2.3) 



where : M (0, +oo) is a weight function such that ^j(u)du < +oo. Then, the regularity of velocity 
moments of / is easily controlled in terms of the regularity of g: 



sup 

{t,x)iE[0,T]xl 



dx i u'^f{t,x,u)du 



sup 

(t,x)e[0,T]xI 



d^g{t^ X, u) du 



< sup \dl^g{t,x,u)\ 

(t.x.u)i£[0,T]xS.^ 



uj{u) 



du. 



Moreover, since duf = dug - g(9„lna;) and = d^g - 2(9„ ln(u;))(a„5) + g{- 

function g defined in (2.3) is seen to satisfy the equation 



-), the 



dtg + ud^g - {d^P - 9„ In w] dug - -i^^lg = gd^Pdu \nuj ~ gh on (0, T] x 



Pit,x) 



uj(u) 

, ff(0,.T,w) = go{x,u) on 



g{t, X, u)du, 



(VFPw) 



where 



h{u) 



dlu{u) 



- |a„ln(w(w)) 



2uj{u) 

reciprocally, given a solution g to (VFPcj), the function / defined by (2.3) is a solution to (VFP). 
In all the sequel, we shall assume that cj : M — > (0, +oo) is a function of class C°° such that 

(H.) 



lim — - : 

|u|-x + oo \U\ 

uj'{u). 



~oo and 



uj(u) 



du — 1, 



lim sup 



Ltj{u) 



< oo, limsup — < oo. 

■ ■ ■ ' Uj'[U) ' 



Moreover, for some Aq > we have ln(w) G 'H(Ao) and h ^ H{Xo) . 



8 



The following result provides examples of such functions cj, as well as tractable conditions on the initial 
condition /o ensuring the type of bounds on go required by our results on equation (VFPcj). Its proof 
relies on Lemma 2.1 and is given in Appendix A.l. 

Lemma 2.4. i) Let s > A be a positive integer. Then, condition (H^^) holds for the weight function 
uj{u) :— c(s)(l + u^)^ for all value Xq G (0, i), where c{s) > is such that J-^ -^jj-^ du = 1 . 

ii) Let /o : — > M 6e a function of class C°° such that for some even integer s > 4, constants 
Co, A > 0, some m, n, j G N and all k, I > j , one has 

||(1 + M )^4d„/o||oo < =fe+, • (2.5) 

A 

Then, the function gQ{x,u) :~ a;(u)/o(a;, u) with uj(u) as in i) satisfies the assumptions of Lemma 
2.1 with C :~ Cq ~ Co^c(s)e''' and k{s) > a bound for the absolute values of the coefficients of 
the polynomials a;,9„w, . . . ,d^LO. In particular, if for some n,m G N condition (2.5) holds for all 
k,l >0, then for all A £ [0, A) one has 

hWn.x <CoK{s)e^n{X,m + n+l) and 
- 

\\9\\-H,x <CoK(s)^/i(A,m + n + 2) 
A 

where fi(X,p) := J27=o < +oo for allpeN,p>l. 

2.2 Main results 

Given A', T and Aq strictly positive real numbers such that Aq > ^(l + K), and the function 

A(t) := Ao - (1 + I<)t, 

we now define the spaces 

HAo,K,T:=<V'eCi'°°([0,T]xR2) such that sup ||V'(t)||«,A(t) < +oo I , 
[ te[o,T] J 

n\o,K,T jv- e C^-°°{[0,T] X R2) such that ^ IIV'(i)ll-H,A(t)^^ < 
and their subsets defined for a positive constant M: 

Sj^.if.T i V' e ^Ao,if,T such that sup ||V'(i)lk,A(t) < M I , 
[ te[o,T] J 

^x,.K.,T ■■= jv^ e nx,,K,T such that ^ ll^(i)ll^,A(t)'^^ ^ ^1 • 

We are ready to state the main result of this section: 

Theorem 2.5. Let M, T be positive constants and cj : M — (0, +oo) be a function of class C°° satisfying 
(Jiuj) for some Aq > 0. Introduce the finite constants 70 := || ln(a;)||.^ and 71 := ||/i||-h,Ao o-iT'd assume 
that 



A, 



T < 2+A0+470' 

b) M < jq{K — Ao — 470 — 1) for some K in the nonempty interval (1 + Ao + 470, ^ — 1) and 

c) A/(l + 7o)exp{(A/7o+7i)T} < 1. 

Assume moreover that /o : ^> M is a function of class C°° and that goix, u) :~ uj{u)fo{x, u) satisfies 
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d) max{||5o|l-H,Ao,?'ll5o||^^AoJ' ^ '^"^ 

e) ||go||«,AoCxp(T(7i + 167o)) <Mcxp(-(16 + 7o)M). 

Then, equation (VFPcj) has a unique smooth solution g G B^^^^ kt ^ kt- ^'^ particular, under the 
previous assumptions, a solution f G C^'°° to (VFP) with initial condition fo exists. 

Corollary 2.6. Let f be the solution to (VFP) given in Theorem 2.5 and assume that (Runii{o)) holds. 
Then, f(t,x,u) satisfies (iiunii{t))! for all t in [0,T]. In particular, if the assumptions of Theorem 2.5 
and condition (Hunif(o)) hold, then a solution to (1.1) with /3 ~ exists. 

Remark 2.7. For instance, let fo : (M'')^ M. be a function of class C°° and Cq, A > , n,m £ N be 
numbers satisfying condition (2.5) for every k,l > 0. Suppose moreover that for some Aq < miii{A, j} 
one has 

, 1 In 2 

'^"""^ 2^(,s)eV(A,m + n + l)(16+j|ln(c.)||^,J 

foru as in Lemma 2.4 i). Setting AI :~ 2CoK{s)e^fi{X,m + n + 1) and jq = \\ln{uj)\\y^ we then have 

- . r Ao 2AM(A,m + n + l) ln(A.f (1 + 70)) In 2 - il/(16 + 70) 1 ^ ^ 

KilGo, A, s) := mm < , = , , > > 0. 

^ ^ \l6i\/ + Ao+47o + 2- ^j(A,m + n + 2) M70 + 71 71 + I670 J 

Taking T < ki(Co,A, s), conditions a) and c) of Theorem 2.5 are trivially satisfied, condition b) is 
satisfied (with equality) for K :~ 16Af + Aq + 470 + 1, and conditions d) and e) hold because of the 
estimates in Lemma 2.4 ii). 

The steps of the proof of Theorem 2.5 are the fohowing: first we will establish in Section 2.3 the 
existence of an analytic solution to a suitable linear version of (VFP) in a small time interval, along 
with useful estimates. Then, under additional constraints we construct in Section 2.4 a solution to the 
nonlinear equation (VFP) by means of a fixed point argument. 

Before proceeding, let us prove Corollary 2.6: 

Proof of Corollary 2. 6. Periodicity of the solution is an easy consequence of the fixed point method 
employed in the proof of Theorem 2.5 (see remark 2.16 in Section 2.4). 

Now, thanks to the assumptions on ui and the fact that f(t,x,u)uj{u) belongs to 7^(A(t)) for each 
t G [0,T], the assumptions of Lemma 1.3 are satisfied (in particular the integrals j^ud'^f{t,x,u)du = 
/r duf{ti X, u)du = Jjg d^f(t, X, u)du exist and vanish; moreover, we have udufit, x, u)du = — f{t, x, u)du). 
Therefore, thanks to Lemma 1.3 b), the functions 'p{t,x) := p{t,x) — 1 = J^f{t,x,u)du — 1, V{t,x) := 
J^uf(t,x,u)du and P(t,x) = — j^v?' f{t,x,u) du satisfy the following system of equations: for all 
(t,x) G (0,T] X R, 

f 9tp(i,.T) = -d^V{t,x), 
\dt{d^V{t,x)) = ~dM.x)d^P{t,x)). 

From the latter and from Lemma 2.3-(iii), we obtain, for each A G [0, Aq), 

r dA\-p{t)\\x<\\d.v{t)\u, 

\ dt\\d^v{t)\u < \\d.P{t)U\d -p{t)\\x + \\dlP{t)U\-p{t)\W 



(2.6) 



Since ||9a;p(i)|jA = ^l|p(i)l|A by Lemma 2.3-(ii), (2.6) rewrites as 

r dtA{t,\)<B{t,\), 

\dtB{t,\) < \\d,^P{t)\UdxA{t,X) + \\dlPm\xA{t,X), 
for A{t,X) := ||p(t)||A and B{t,X) := ||9a,y(<)||A. Since t H' X{t) is decreasing and, by Theorem 2.5, 

\\d,Pmx(T) < l|5.P(t)||A(t) < max ||P(.s)||«,a(.) < Af, 

\\dlPit)hiT) < WdMmxW < 4 max \\P{s)\\nMs) < ^M. 

se[o,T] 
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We deduce that for all A e [0, A(r)], t G [0, T], 

(dtAit,X)<BitA), 

\ dtB{t, A) < MdxA{t, A) + 4Af A) ^ ' ' 

because dxA{t, A) > 0. Now set y{t, A) := A{t, A) + bB{t, A) where 6 is a positive constant that we will 
specified later. Since also d\B{t,X) > 0, from (2.7) we obtain 

dty{t, A) < B{t, A) + ibMA{t, A) + bMdxA{t, A) < Q V AbAI^ y{t, A) + bMdxy{t, A). 

That is, with &2 hM > and bi := (i V 4671/) > 0, it holds that 

dty{t, A) < biy{t, A) + fe2aAy(t, a), vt e [o, r], va g [o, A(r)). 

We now observe that the function 1 1-^ y{t,^{t)) with ^{t) := A(T) — is constant for all t G [0, ^^jp-)- 
Indeed, we have 

dtiy{t,jm ^ {dty){t,^it)) - b2dxy{t,^{t)) < biy{t,^{t)), 

and Gronwall's lemma, together with assumption (Hunif(o)) implying that 3^(0, A) = for all non negative 

A, yield y{t,-i{t)) = for all t G [0, ^). This shows that p(i,x) = \d^V{t,x)\ = for aU t G [0, ^). 
Choosing = X{T)/{MT), we conclude the result, using also the uniform bounds available up to time 
t = T. □ 

2.3 The linearized equation 

Consider the linear equation 

2 

dtg + ud^g - {d^Q - 9„(lnw)) dug - ^r^uff = gdxQdu In w + .g/i on (0, T) x R^, 
5(0,x, li) = go{x,u) := a;(M)/o(a;, u) on M^, 

where Q : [0, T] x R — > R is a given function, with uniformly in t G [0, T] bounded derivatives of all 
order in a; G M. Equation (FPcj) is easily seen to be equivalent, through the relation (2.3), to the linear 
version of (VFP): 

dtf + udxf - dMduf - Y^fj = on (0, T) x ^^^^ 
/(0,a;,u) = fo{x,u) on R^ 

Existence and uniqueness of a C°°-solution to the two previous equations is recalled in Theorem A.l in 
Appendix A. 2. We next prove that the solution g to (FPcj) is indeed analytic whenever the inputs go 
and Q have small enough analytic norms and the time horizon T > is small enough: 

Theorem 2.8. Assume that for some Aq > condition (H^^) holds, and that 50 : R^ ^ R is a function 
of class C°° such that ||5o||'H,Ao < +c)0. For 70 and 71 as in Theorem 2.5, let T > and Mi>0 be a time 
horizon and a constant satisfying 

T < 2+A0+470 '^"^ 

b) Ml < jq{K — Ao — 470 — 1) for some K in the nonempty set (1 + Ao + 470, ^ — 1). 

Then, for any AI2 > and Q G S^^^j^rp H B^^^^^j,, equation (FPw) has a solution g of class C^'°° such 
that 

where M = ||5o||-h,Ao exp{r(7i + I670) + (16 + 7o)A/2}- 
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In the proof we need to deal with truncated versions of the analytic norms previously introduced. 
For an arbitrary function ip of class C°° and a fixed A e N, set 

fe,/eA 

IIV'IU.;^ := ^II^IU;A ^ E ik + l-a)l kill ll^'^^^llo^ ' 
1 

Using a maximum principle for kinetic Fokker-Planck equation, stated in Appendix A. 2, we start 
the proof by establishing estimates for the time evolution of the norms ||5(t)||^^,A(t):A f-^d x(t)-A 
along a solution g of the linear equation (FPw). in terms of ||Q(t)||«,A(t), ll^u ln(a;)||-H,A(t)i ll^ill-^ ^(t) ^^'^ 

2.3.1 Regularity estimates 

Let g be a smooth solution to (FPcj). Observe that, for all {t,x,u) £ [0,r] x M^, we have the identities 

d^Xi^d.git, X, u)) = ud',+'dlgit, X, u) + ]l{,>ijZa^iC'5(t, a;, u), 
fe 

dldl{dMt,^)du9{t,x.u)) = J2 Cr{d'^'''Q{t,x)){dt'^dl+'g{t,x,u)) 

fe-1 

= dMt,x)d^dl+'git,x,u) + ]l|,.>i} C'^dt'''+'Q{t,x)dTdl+'g{t,x, 

I 

d'^dl (9„ \n{io{u))dug{t, x, u j) = ^ ^"9^"+! Hco{u))d:+'d',g{t, x, u) 

n=0 

l-l 

= du \nio{u)dl+'d',g{t, X, u) + ^ ln^(") d:+'d^g{t,x, 

I k 

d^dl{d^Q{t,x)d^\n{ioiuMt,x,u)) ^YT. Crcrdt"'+'Q{t,x)dl-"+Hnuj{u)d:^d:g{t,x,u), and 

n— m— 
/ 

d',dl{g{t, X, u)h(u)) = J2 Crd'Mt, ^, «) dl-h{u). 

n=0 

By applying the differential operator 9^9^ to (FPcj), we deduce, that 

dtid'A) + udMdLg) - [d.Q - du Inc.) duid'Xg) - Y^lid'^^Lg) 

k~l l-l 

= -id'^+'dl-'gt^iy,^ + i{,>ij J2 crar"9.Qa;"ai+\g - i{,>ij ^ crdl-"+' \ncjd:+'d';g 

m—0 71—0 
I I k 

+ Y CTdld-gdl-h + YT. CJ-Crdt-'+^Qdl-^^' lriujdTd:g. 

n—O n—0 m—0 

The function dl^dl^g is thus a classical solution to a linear Fokker-Planck equation. Applying the 
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'^"-(ll.9WI|A,0;A{||/i||A,0 + ||gWIU,l;A||lnH|U,i;A} 



maximum principle stated in Theorem A.l in the appendix section A. 2, we deduce that 

, k-l 

m=0 

+ J2 c'n\d:+'d',g{t)\u\dir+' huj)^ + E cr\\d':d:g{t)\u\dirhu 

n=0 n=0 

I k 

+ E E Q"crii9r5,!5(t)iiooii9r"+ig(t)iuiiC"+MnHiu. 

n— m— 

(2.10) 

We now obtain estimates for the function t H> ||.g(t)||A,a:yi for fixed A > and A e N. 
Lemma 2.9. For each A S M, a G A = {0, A} and A > 0, a smooth solution g to (FPw) satisfies: 

J^\\9{t)Ka;A < AI|g(t)||A,a+l;^ + a||5WIU,a;A + ^ 1 1 .9 W || A,1;A { || lUa;^ + || Hu)\\xS;a] 

^dX' 

Proof. Multiplying both sides of the inequality (2.10) by gj^r^iTr = ^(k+i-ay.kW. ^{k+i>a} and summing 
over fc, / G A with k + I > a, we get 

|ii.wiu,..= E 

fc,/GA:A;+/>a 

^ E i^^ii^^^'^^"'^wiu+ E ^^E^rii«+^5Wiiooiie"+^o(t)iic 

feJGA:fc+i>a,i>l k,leA:k+l>a,k>l m=0 

+ E ^^EQ"l|9r'5^5(i)||oo|!e"+Mn(..)|U 

fc.ieA:fe+i>a,i>l ■ ■ n=0 

+ E ^^EQ"ll5.'9:g(oiui|ai-"7i||oo 

fc,ZeA:/c+i>a ' ' ri=0 

+ E ^ crcniar9::5(t)lloo||ar"+iQ(t)||oo||aL-"+^in(^)||oo. 

fe,ieA:fc+;>a ■ ' ri=Om=0 

To bound from above the first sum on the r.h.s. of (2.11) we observe that 
. . ]\k+l M ^ 



(2.11) 



with 



dA" k\l\ " « ^w„^ ^ kill 

k,l£A;k+l>aA>l k,l£A:l>l 



1 \k+l \^+^ 

fc,/GA:i>l ' ■ kdeA:l>l '' 



\k+l+l 

E ^^\\d'^'dlg{t)\\^ = A||a.g(t)IU,o;A. 

fc.ieA 



Since 



^(A||a,5(i)IU,0;A) =E^«' (^^) (^I|5-5WIU,0;a) = C,«A||9,g(i)|U.a;A + Cr^||a.5(i)l|A,a-l;A 

= A||c}j;,g(t)||A,a;A + a||9i..g(t)||A,a-l;yl, 
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it follows that 



E ^^l|5r'C'ffWI|oo=A||5WlU,a+l;A + a||ff(t)|U,a; 



For the second sum, we notice that 

\k+l '^^l / ^ (^m\k+l \ 

E ^E^"ll^^'"^'QWl|-||^"^^^v^)lloo= E 11^"^^^^^^ E ^^ii^'~'"+'owiioo 

k,lGA:k>l ' ' m^O m.leA Vfc^rn+l ' ' / 

m.leA \k=m+l ^ ' 

ym+l /A-m \ 

= E T^^ii^rai+^^wiioo E 9rii^^'QWii- 

7n,leA \ k^l / 



\m-\-l 

E ^ii5rai+^5WiiooiiQ(t)iu.i;A- 



m!Z! 

m,ieA 



Taking the a-th derivative with respect to A, and noting that X^^jgA liirll^™^i^^ff(^)ll°° = \\dugit)\\\fi-A = 
II A,i:yi ^ ||92-.9(t)||A,0:yi (by similar computations as proof of Lemma 2.3-(i)), we deduce that 



E Tm" £ ^rii5r™+^Qwiiooiiara,i+^5Wiioo I <-^(\\Qmxs-,A\mh,uA) 

^fc,ieA:fc>l ■ m=0 y ^ ^ 

using also the fact that j^\\dxgit)\\x^o:A > and \\Q{t)\\\,a-b+i;A-m < \\Qit)\\\,a-b+i-A for all b G 
{0, . . . , a}. In the same way, we obtain the estimate 

^ ( E ^EQ"llC"'"'lnMlloo||ar'9,^.9Wlloo I < ^(||ln(c.)|U,i;^|l.g(0||A.i;A). 
For the fourth sum, one can directly check that 

E ^E^rii5XffWiiooii5i-"/.iu= E ii5'5::5(oiiooE^fcm~"^"""''"°° 

= E ii^X-ffWiuE-^T^-^ii^i^iu 

k,n<^K 1=0 '' 

\k+n \l 

= E ^ii5^5"ffWiiooE7!ii^n-"^iu 



= ||/l||A,0;^||gWI|A,0;A, 



SO that 



^ f E ^E^^z"l|5'W)lloo||5i-"/l||oo] < ^(||/.|U,0;A||gWIU,0;A). 
\ fe,/eA ■ ■ n=0 



Finally, since 



E wE E Q"cri|ar™+ig(t)iui|ai-"+Mn(c.)||^liara:5(t)Ilc 



kW. 

kdeA n— m— 



m,nGA \k=m ^ ' / \l=n ^ ' 

< ||5(i)lU.0;A||gWIU,l;A||lnM|U,l;A, 
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the last sum is bounded from above by 

^(||.9WllA,l;A(|jQWI|A,l;A + ||lnH|U,i;^) 
Coming back to (2.11), the above estimates prove Lemma 2.9. □ 

2.3.2 Evolution and control of the time-inhomogeneous analytic norms 

Next Lemmas 2.10 and 2.11 are preliminaries for the bounds of the time derivative of ||3(i)ll'H,A(t);A in 
Proposition 2.12 below. Their proof is given in Appendix A. 3. 

Lemma 2.10. Let f,v,w he functions of class C°° with bounded derivatives at all order. Then, for all 
A > and ^ e N, 

E 7^)1^ mK^-Av\Wi,A\Mxs-,A) < \\f\W>^-Av\\n.x-JM\n,y,A- (2-12) 
Suppose moreover that for some A > 0, one has f G H(A) and v,w £ 'H{X). Then, for all A G [0, A), 

E (ll/IU,olK'IU,i||«;|U,i) < WfWuAvWuJMW.,- 

Lemma 2.11. Let f, w be functions of class C°° with bounded derivatives at all order, 
(i) For all X > and A CzN, one has 

E (ll/llA,i;A|klU,i;A) < im\\n.X;AMn^,.,A + WfWn.xJHn.xA- (2-13) 

Moreover if for some X > we have /, v G 'H(A) Pi 'H(A) then, for all X G [0, A) 

E (II/IIa,iMIa,i) < mf\\n,x\Mn^x + \\f\\nJv\\nA- 



(ii) For all X > and A CzN, one has 

1 d" 
J^dX 



T.T^2^a mU,i;A\\vh,UA) < m\n,X;Am\\n,X:A + \\f\\n,X;A)- (2-14) 

aGA 



Moreover for some A > 0, / G H(A) H{X) and v G H(A), for all X G [0, A), 

^ fip ^ (ii/iu,iikiiA,i) < MH^jnfWn^x + wfw^A 

aGN ^ 

Proposition 2.12. For each A G N, the C^'°° function g solution to (FPcj) satisfies 

^ll5Wllw,A(t);A < im + 1 + A'(t) + 470 + 16\\Qit)\\n^x(t)) ll.9Wlk,A(t);A 
+ (71 + I670 + (70 + 16) ||Q(i)llw.A(t)) ll5WII«,A(t);A, 
where 70 := || ln(w)||.^^^^ and 71 := ||/i||w,Ao- 
Proof. Differentiating in time the norm |I-H.A(t);Aj we get 

|ii.9Wik.A,);. = E (a'w^ii^^wiuaa) +E (Ibwiu) 



a=0 

A A 



X=X{t) 



^'W JlT^hmXW.a+UA + E 7^ (jMt)\Ua;A) 
a=0 ^ '' a=0 ^ ') ^ ' 
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A=A(t) 



Dividing both sides of the inequahty in Lemma 2.9 by (a!)^ and summing the resulting expression over 
a £ A, it follows that 



^ll5Wllw,A(t);A < ^^^4ir^\\9it)\\m,a+l;A + X] 7^ IIS W II A(t),a;A 

Ilj^^{\\9mX,0;A i\\hh,0;A + || II A.l II In^ |U,i;^) ) [^^^^^ (2.15) 

E ^ (ll^Wll^.i;^ (IIQWIU,i;A + II inMIU,!;^) ) 



a=0 

For the first term in (2.15), we have 



A=A(t) 



T.^^^ymm,a+l;A = (A'(t) + Mt)) E ((°^i),). llgWllAW.a+l;. 



(a) 

1 

a=0 

and, for the second term 



(A'(t) + A(0)E(^ll5WllAW,a;. 



(a? 



Y.-(^\\9it)h(^t),a-A < E 7^ll5(i)llA(t),a, 
a=0 ^ aeA ^ 



SO that 

A A 

E ^'^ln2^^^^ H-9WIUw."+i^-^ + T.(^\\9mMtU;A < (1 + A'(t) + A(i)) Il3(t)||^,,(,)^^. (2.16) 

a=0 ^ a=0 ^ 

For the third term, observe that on one hand 

^ (II5(0I|a,0;a||/.||a.0;a) = E 7^ E (^7 W II A,0;a) (^II^^IU.O;^ 

a=0 ^ a=0 ^ r=0 ^ ^ ^ 

A a 

= E7^E^all5(i)l|A,.;A||/l||A,a-.;A 



E ll5(i)l|A,r;AE II'^IIa."-'-;^?^ 
r— a— r ^ ' 

Ell5(t)||A,.;AEll^lU-^7^%nI 

||5(t)||A,r;A ||/l||A,a-r;A 



(r!)2 ^ (a!)2 (a + r))!' 
and since < 1, for all a, r € N, we get that 

E Trvi^ (llff(i)llA.o;A||/i||A,o;A) < \\gmn.X;AMn.x;A- (2-17) 

On the other hand, inequality 2.12 provides a bound for the remaining sunimand in the third term of 
(2.15): 

Et^^A^I ll5WIU.0;vlllQ(i)llA,i;.ll|ln(^)llA,i;^j < llff(OII 

(2.18) 
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For the fourth term in (2.15) we use (2.13) and (2.14) m order to get the estimate 
E (ll.9(i)l|A,l;A mrnxMA + II ln(c.)|U4;A)) 

a=0 ^ 



< 



16||5(i)lk,A(t);A {\\QmnMty,A + II H^)\kMty,A) + 4|lffWllw,A(t);A (4||Q(0llw,A(t);A + II hl(w)||^ 

(2.19) 



Inserting (2.16), (2.17), (2.18) and (2.19) in (2.15), we conclude that 
jj9it)\\nMty,A < (A'(i) + A(t) + 1) ||.9(i)||^,;,(,)^^ + MmnMtyAMnMthA 

mm H,\{t);A\\ ^'^(^)ll'H,A(t):A + 16||g(t)||-j^^A(t):A [\\QW\\-H,X{t);A 
+ 115(011 ■HMt);A ( 16||(3(i)||-H,A(t);A + 4|| ^'^{^)\\-H^x{t)-A , 
We end the proof by using the obvious upper bounds for the truncated norms. □ 

2.3.3 Proof of Theorem 2.8 

Applying Gronwall's lemma to the inequality in Proposition 2.12, we obtain that, for all t G [0,r] and 



||5(i)llw,A(t);A< 11.90 II w,Aoexp|y^ (71 + I670 + (16 + 7o)||Q(0)||^,aw) ^^j 

+ {X{0) + 1 + X'iO) + 470 + 16||g((?)||„,A(e)) llff(^)lk.A(e);Aexp (71 + I670 + (16 + 7o)|[Q(^^')IIw,A(e')) 
< 11.90 II w,Ao exp {T(7i + I670) + (16 + 70)^2} 
+ exp {r(7i + I670) + (16 + 7o)M2} {\o - K + 470 + 16ilfi) J hminMeyA'^^- 

(2.20) 

where in the second inequality we use the facts that Q e ^Ao^a'.t ^ ^\o,k,t ^nd that 

Xit) + 1 + \'{t) + 470 + 16||Q(t)||„.A(i) < Ao - K + 470 + 16||Q(0||w,A(t) < Ao - + 470 + I6M1 
for all t £ [0, T]. From the assumptions we can choose A' > such that A' < ^ — 1 and 

a: - Ao - 470 - 167\/i > 1. 
Then we deduce with (2.20) and the latter inequality that 



\\9mnMtyA + ||5(0)l|^,;,(,).^de< ||.9(i)|kaW;A + cxp{T(7i + 167o) + (16 + 7o)A/2} \\9m\nMeyA'^^ 

< ||5o||w,Ao exp {T(7i + I670) + (16 + 7o)M2} • 

After letting A 00 we conclude that 

^max ||g(t)||„,A(t) < ||go||w,AoCxp{r(7i + 167o) + (16 + 7o)M2}, 
T (2.21) 
||3(s) ||^,A(t) dt < llffollw.Ao exp {r(7i + I670) + (16 + 70)^/2} . 

2.4 Proof of Theorem 2.5 : solving the Vlasov-Fokker-Planck equation (VFP) 

Relying upon Theorem 2.8, we construct now, by means of a Banacli fixed point method, a solution to 
the nonlinear Vlasov-Fokker-Planck equation (VFP). 
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Remark 2.13. Since we are assuming in (H^j) that '[jjjrj'^^ ^ ^' all X > and a ^ N it holds that 

-ip(t, •, u)du 



A, a 



for any function ip : [0,T] x — > M of class C^'°° and every t G [0,r]. Therefore, if we denote by $ 
the mapping associating to a function (p the solution '^{(f) of the linear equation (FPw) with potential 
dxQ(t, x) given by 



the inclusion 



Q{t,x):=- / —^ip{t,x,u)du, 
uj{u) 



holds under the conditions on the constants T, Xq, K, Mi, M2 and M established in Theorem 2.8. 

Corollary 2.14. // in addition to the assumptions of Theorem 2.8, the constants M :~ Mi and T > 

satisfy the constraint 

Wg^HM cxp(r(7i + I670)) < M cxp(-(16 + 7o)A/), 
then $ (Bil^^^ n Bil,,^^) C B^^^^^ H B^l^,^. 

Proof. Taking M2 = A/ = Mi in Theorem 2.8 we get that $ (^B^Ik,t ^ BI[j<,t) ^ Bflj^ ,j.nB(lj^ j. for 
^'I = llsollw.Ao exp{T(7i + I670) + (16 + 7o)i\/}. The additional constraint ensures that M < M. □ 
Theorem 2.15. Under the assumptions of Corollary 2.14 and, moreover, that 

M(l + 7o)cxp{(M7o + 7i)T} < 1 (2.22) 

the mapping 

is well defined and is a contraction for the norm 

maxj^max ||-0(i) I| A(t),o , ^ IIV'(OllA(t),i ^^^j ■ 
// in addition to all the previous assumptions, we have 

max{||.go||w,Ao,7'||.9o||-H,AoJ' ^ ^' 

then the (constant in time) function go{t,x) = 50(2;) satisfies go G 'BjJ^ ^ ^ '^Aq t '^'^'^ solution to 
the nonlinear Vlasov-Fokker- Planck equation (VFPu) exists in B^^^ kt^ '^aJ kt- 

Proof Given /, G BUj^ j, n B^iK,T^ * = 1,2, we set P,{t,x) := -i^f^(t,x,u)du for z = 1,2. The 
difference $(/i) — $(/2) satisfies 

dt ($(/i) - $(/2)) + {ud., ($(/i) - _ [(a, Pi - duln{uj)) du Wl) - <i>(/2))] - iaf, (<f>(/i) - <f>(/2)) 

= 5„$(/2) (a, Pi - a,P2) + $(/2)a„ in(L.) (9,Pi - a:,P2) + (9„ in(c^)a,Pi + h) ($(/i) - $(/2)) . 

Writing $ := <I>(/i) - ^(/a) and P := Pi - P2, we get 

at# + - ((5, Pi - du Huj)) du^) - \dl^ 

= ($(/2)a„ ln(w) + a„$(/2)) d^P + (a,Pi5„ In(c^) + h) $. 
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Then, by similar computations as in the proof of Theorem 2.8, we successively obtain: 



• by applying the operator d^d\^, 



k-l /-I 



m—0 n—0 
I k k 

n— m—0 m—0 

/ k I 

E E ^^Q" (ar"+^Pi) in(c.)) (dTd:^) + E Q" 



• by a maximum principle, and the fact that for all m G N: ||<9'"Pi||oo < ||(?™/i||oo, i = 1,2, and 
||5™P||oo < ||a™/l|oo for / /i ~ /2, we get 

|liaX^WIIoo 

< ziia^iai-iiwiioo + i{.>i} E ^^ril5r"+Vi(i)lloo||ara,i+i$(t)lloo 

?n— 

/-I 

+ i{/>i} E^rilC"+'in(^)l|oo||a,^9r^$(t)||oo 

n=0 

i fc k 

+ E E crQ"ii5i-"+^ in(..)iuiiar™a::<i>(/2)wiiooiiar+v"wiioo + e Gr\\dt'^di+''^'{f2m\\oo\\dT+\m\u 

n—O m—0 m—0 
/ k I 

+ Y.T.^kCr\\di--+'Hco)\u\dt'^+'fim^\\dTd:m 

n—O m—0 n—0 

• Replicating the computations in the proof of Lemma 2.9 for a = 0, A = +00, we then obtain 

|ii$(i)iu,o < M\m\\x,i + wmwxA (ii/iwiu.i + 11 inHiu.!) 

+ PWlU.o(||/iWlU,il|lnHlU,i + l|/^IU,o) (2.23) 

+ II/WIU4 (I|*(/2)(i)||A4 + ||*(/2)WIU.0|| H^)hs) ■ 

Hence, 

|ll$WllA(t),o < (A'(t) + A(t) + ||/i(t)|U,i + II Hu^)\\ms) \\m\\m,i 
+ PWIUw^o (ll/iWIUwall inHIUw.i + l|/i|Uw,o) 

+ ll/»llA(t),i (||<i>(/2)WIU(t)4 + ||*(/2)WllA(t),ol|lnHIU(t)4) ■ 

Since, by our assumptions, 

max ||/i(t)|U(t).i ( < max ||/i(t)||w,A(*) ) < ^J, and max ||$(/2 W) ||a(0,i < M, 

t£[0,T] \ te[0,T] / t£[0,T] 

we deduce that for all t G [0, T], 

^P(i)llA(t).o <{\o-K + M + 7o) PWIUwa + M(l + 7o)PWIlA(t),o + (A^To + 7i) ll/WllA(t),i 

thanks also to the upper-bounds || ln(a;) ||^ < 7o = II ||/i||«,a(0), < 7i = I|/^II«,Ao- It 

follows then by Gronwall's inequality that 

PWIIaw.o < exp {T (M70 + 71)} / (P(^)llA(e),i(Ao - K + M + 70) + ||/(0)|U(e),iM(l + 70)) d9. 
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Observe that the current assumptions of Theorem 2.8 ensure that we can choose K £ (O, ^ — l) such 
that 

A' - Ao - M - 70 > 1. 
We thus get from the previous that for each t e [0,r], 

PWIlA(t),o+ / II^WIlAW,irfe< ||^WIlA(t),o+exp{T(M7o + 7i)} / me)\\^e),ide 
Jo Jo 

<M(l + 7o)exp{(M7o+7i)r} / |l/WIU(t).i^^- 

In particular, 

max ||<i>(/i)(t) - $(/2)(OllA(t),o < M(l + 7o)exp{(A^7o + 7i)n^ ll/iW " /2(t)llA(t)arfi. 

- *(/2)(e)||A(e).i de < M{1 + 7o) exp{(Af7o + 71) T} [ \\h{t) - /2(t)|U(t).irfi- 
Jo 

The contractivity property is thus granted by (2.22). □ 

Proof of Theorem 2.5. Under the assumptions on Aq, M and T, Theorem 2.15 holds and, moreover, the 
assumptions on /o imply that go G B^^^ kt ^ kt- Therefore, by Banach's fixed point theorem the 



sequence <i>"((7o) converges to a function g G kt^ ^\ k t which is a solution of (VFPw). □ 



Remark 2.16. If gQ{x,u) is 1-periodic in x, uniqueness of classical solutions to the linear equation 
(FPcj) implies that $"(go) too is 1-periodic in x for each n £N. Consequently, so is the limit g. 

3 The kinetic potential case 

In this section we extend the previous results to the situation /? > and a = (corresponding to the 
standard kinetic energy potential) or a = 1 (corresponding to the turbulent kinetic energy). We notice 
that the same proofs can be applied also to the case /3 < by replacing in all estimates (3 by \/3\. 
We consider the nonlinear Vlasov-Fokker-Planck equation with additional kinetic potential 



2 

dtg + ud^g - [d^P + P{u - aV) - 9„ ln(u;)] d-^g - = 9 [d.P - apVd^ Hlo)] - gh on (0, T] x 

f f u 

P{t,x)^~ / —r^9{t,x,u)du, V(t,x)^ / ——g{t,x,u)du 
Jr w(u) U}[u) 

, 5(0,2;, u) = go{x,u) on M^, 

(VFPcjK) 

where 

h{u) := - \du ln(c.(ii))|2 - /3 - Puduilnuiu)) . 

Through the relation g(t, x, u) = uj{u)f{t, x, u), equation (VFPwK) is seen to be equivalent to 

2 

dtf + ud^f - [d,P + p[u - aV)) duf ^Pf- \dlf = on (0, T] x M^, 

P{t,x) = - 1 u^f{t,x,u)du, V{t,x)= I uf{t,x,u)du (VFPK) 
Jr Jr 
[f{0,x,u)^fo{x,u) on M2 

(and to equation (1.5) if /o and the searched solution are periodic in x). We next prove 

Theorem 3.1. Let AI, T he positive constants and w : M — > (0, +cxd) be a function of class C°° satisfying 
(Ruj) for some Ao > and moreover that u9„(lnw(u)) G 7^(Ao). Define the finite constants 

f 1^1 

70 := \\ln{uj)\\^ . 71 := \\h\\-H,\o o.'nd := / -^du, 



u{u) ' 



ana assume 



that 
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b) M < ii+0)iK-^o)-4'ro-i ^^^g ^ (i±go + Ao, ^ - 1) 0) and 

c) Af(l + 7o)(l + Taa/3)exp{(M(l + aa/3)7o+7i)r} < 1. 

Assume moreover that /o : M'^ ^> M is a function of class C°° and that go{x, u) := Lu{u)fo{x, u) satisfies 

d) max{||5o||-H,Ao,7'll.9o||^^AoJ' - ^'^ 

e) ||go||w,Aoexp(T(7i + 167o + a^7oC„Af)) < exp (-(16 + 7o)M). 

Then, equation (VFPojK) has a unique smooth solution g G BjJ^ k ^xl K T- ^'^ particular, under the 
previous assumptions, a solution f G C^'°° to (VFPK) with initial condition /g exists. 

It is checked in Appendix A.l that the function u i-> h{u) belongs to 'H{Xo) for every Aq G (0, j) 
when Ll!{u) := c(l + 7/^)2 (so that udu{l'auj{u)) G H(Ao) as required). 

Corollary 3.2. Lei / 6e the solution to (VFPK) given above and assume that (Hmjif(o)) holds. Then, 
f{t,x,u) satisfies {ii-ami{t)) for all t in [0,T]. In particular, under the assumptions of Theorem 3.1 and 
(Hunif(o)) solution to (1.1) for /3 > exists. 

Remark 3.3. Let /o be a function of class C°° , Cg, A > , 71, m G N &e numbers satisfying condition 
(2.5) for every k,l > and assume that, moreover, for some Xq < min{A, j} one has 

^ >r\ ^ 1 ln2 1 

Co < Ko(A,s) 



2At(s)eV(A, m + n + 1) (16 + || ln{uj)\\^^^J (1 + C„a/3) 
for LJ as in Lemma 2.4 i). Choosing M as in Remark 2.7, one similarly checks that 

T ^ . / (l + /3)Ao 2V(A, 7^ + 71 + 1) 

ACiiOo,A,sj. ™n|i + 4^^ + (i + ^)(l + Ao) + (16 + a/?)M' ;z(A, 777 + 7i + 2) ' ' 

ln(A/(l + 7o)(l + C^aP)) In 2 - il/(16 + 70) 



>0, 



M(l + C„a/3)7o +71 ' 71 + I670 + aj3Cu,M 
and that the assumptions of Theorem 3.1 hold for T < k'j^(Co, A, s) and K ~ i+47o+^U6+a/3) 

Most of the computations required in the proofs are the same as in the previous section, so we only 
provide details about the additional terms that the case /3 > requires to deal with. 

Proof of Theorem 3.1. Consider the linear equation obtained by respectively replacing in (VFPwK) the 
functions P and V by fixed given functions Q,H : [0, T] x M — !■ R: 

dtg{t, X, u) + ud^g - [d^Q + l3{u - aH) - 9„ ln(a;)] dug - -l^^lg = g [d^Q - af3Hdu hi(w)] - gh, 
on (0,T] X 

, 5(0, X, u) = go{x, u) on E^, 

(FPwK) 

First we notice that 

d^dl{udug{t, X, u)) = ^ Cr{d:u){dud^dl~"g{t, X, u)) = ud^dl+'git, x, u) + ldldig{t, x, u). 
Therefore, application of the differential operator d^d^ to the linear equation (FPcjK) yields the identity 
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2 

dtd'^dlg + udMdlg) - [dMt, x) ~ du Inc. + p{u ~ aV)) duid'^^Kg) - ^dl{d^dlg) 



fc-i ;-i 



m— n— 



n— m— n— 

By the maximum principle we deduce that for ah A G N and a E {0, . . . , A}, a smooth solution g to 
equation (FPwK) must satisfy 

J^\\9{t)h.a;A < A(l + m\9mX.a+UA + a{l + /?) || A,a;A 

+ ^ (llffWIU.l;A (||gWIU,l;A + al3\\Himx,0;A + \\ lnM|U,l;A) 

+ ^ (^ll5WIU,0;A [||/i||AAA + (IIQ(i)IU4;A + ap\\H{t)U^o;A)\\ lnHIU,i;A 

By similar arguments as in the proofs of Lemmas 2.11 and 2.10, in Appendix A. 3 we also establish 

Lemma 3.4. (i) Suppose that for some X > we have f G and v € T-L(X). Then, for all 

A G [0, A) one has 

E7^^(ll/IU.obllAa)<ll/lkA|klkA- 
(ii) Suppose that for some A > 0, f,w£ 'H{X) and v G 'H(A). Then, for all X G [0, A) one has 
E (ll/IU,olklU,o||HU,i) < \\f\\n,xMn,xMn,x- 

Truncated version of these estimates, combined with the already obtained ones yield: 
Proposition 3.5. For each A G N, the C^'°° function g solution to (FPwK) satisfies the estimate 

j^\\gmnMty,A < ((1 + P)[m + 1 + A'(t)] + 470 + 16||Q(t)||„,A(t) + «/?||i?W||w.A(o) ll5Wllw,A(t);A 

+ (71 + I670 + (70 + 16) !IQWII«,AW + a/37o||i?(i)|k,A(t)) II.9W 

where 70 := || ln(cj)||.^^^^ and 71 \\h\\-HM- 

Applying Gronwall's lemma and using the fact that 

A(t) + 1 + A'(t) + 470 + 16||P(i)||w,AW + a/3||T/(t)||„,A(t) < (1 + /3)[Ao - A'] + 470 + (16 + a^)Ah 
we then obtain that, for ah t G [0, T] and A G N, 

\\9{t)\\HMty,A < hoWuM cxp {T(7i + I670 + + (16 + 70)^/2} 

+ exp{r(7i + I670 + a/37oA/i) + (16 + 70)1/2} ((1 + /3)[Ao - A'] + 470 + (16 + a/3)Mi) J Ms)\\^^^^,y^j,ds. 

(3.4) 

1 onH 

T 

(1 +f3)(K- Ao) - 470 - (16 + ap)Mi > 1 



From assumptions a) and b) of Theorem 3.1 we can choose K > such that AT < ^ — 1 and 
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in which case we obtain 



\\9{t)\\'HMty,A + ll3(s)llw,A(.);A'^« < ||3o||w,Aoexp{r(7i + 167o + a/37oAfi) + (16 + 7o)A/2}, 
and then 

\\9it)\\nMt)+ f ll3(s)llw,A(.)rfs < ||go||w,Aoexp{T(7i + 167o + a/37oMi) + (16 + 7o)M2}. 
Therefore, since for any function ip : [0, T] x — > R of class C^'°° and every t G [0, T] we have 



a;(u) 



ip(t, •, u)du 



<Mtrr)\\x,a and 



uj{u) 



ip{t, •, u)du 



' ''llA.a 



for aU A > and a G N, the mapping $ associating with a function ip the solution of equation 

(FPwK) with the data 



Qit.x) :-- 
satisfies the inclusion 



uj{u) 

$ (b 



ip{t,x,u)du and H(t,x) :- 



uj(u) 



(p{t, X, u)du 



Ml 



2 A/ 



M 



■'Xo,K,T ' ' '-'Ao JCT J ^ '-'Xo^K.T ' ' '-'Xo,K,T 

if A/i, T, Ao > are as previously, Af2 > is arbitrary and 



M 



H,Xo exp {r(7i + I670 + a^7oC„Mi) + (16 + 70)^/2} . 



In particular, one has $ {^\, kt^ ^xl k rj — ^xi k t ^ ^xi kt '^^ addition to conditions a) and b) 
of Theorem 3.1, the constants M > and T > satisfy condition d). Now, writing $ :— <i>(/i) - $(/2), 
P := Pi- P2 and V := Vi - V2 where 



P,{t,x) := - 



uj(u) 



fi{t, ■,u)du and Vi{t, x) 



fi{t,-,u)du i = l,2, 



we have 



fe-i 



771—0 n— 

/ k 

+ E E (5'""5:*(/2)) ln(a.)) 9r (^.P - aPV{t, x)) 

n— m— 

+ E (ar'"ai+i$(/2)) {d,p - ai3v{t,x))) 

I k I 

+ E E ^r^r^r™ (a.Pi - amit, x)) di-"+' inc.(^.)a™a:# + J2 (5.'a:#) 



n— m— 



rt=0 
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From this and the maximum principle we deduce that ^||9^c?^$(i)lloo is bounded above by 

fc-i 

/lla^laL-l$(^)lloo+l{fc>l}E^"(||^^"^'/lWll-+c'c.«/3ll5^"7lWlloo)l|5^^^^ 

?n— 

l-l 

+ i{;>i} J2 cn\di-'''''H^)\\oo\\d'.d:+'m\\o. 

I k 

+ E E c'rcri|ar"+Mn(..)iui|ar"a:$(/2)(t)||oo(||ar+V>)lloo + aa/3||5;v>)l|oo) 

n— 771—0 
k 

+ E cri|5r™ai+i<i>(/2)wiu(||ar+V"Wlloo + aa/3||ar/»||oo) 

m=0 

i fc 

+EE^"^"ii^^"^'M^)iioo(ii5r'"+Viwiioo+aa/3iiar™/iwii^ 

n— m— 

+Y,cn\d',d:m\u\di-"h{u)\u 



Tl = 

This yields 

^PWIUw.o < (A(t) + A'(t) + ||/i(t)|Uw.i + aa/3||/i(t)||A(t),o + II InHIUwa) PWIU(t),i 
+ PWIU(t).o [(ll/i(i)llA(t),i + aa/3||/iW|U(t),o) II InHIUwa + WMlxm^o 

+ {wmutu + aa/3ii/wiiA(t),o) {mf2)mMt).i + ii$(/2)wiU(t),oii H^)\Ut),i) 

(3.5) 

and therefore, for all t g [0,T], 

J^\\mhit),o < ((1 + /3)(Ao - i^) + (1 + a«/3)Af + 7o) ll^-WlUw,! 

+ ll«'WllA(t),o + C^af3ho + 7i) ^^-^^ 
+ (ll/(i)llAW,i + aa/3||/(i)llA(t),o) +7o). 

Since our assumptions allow us to choose K G (0, ^ — 1) such that 

(1 + /3){K - Ao) - (1 + aa/3)M - 70 > 1, 

we get from the previous after applying Gronwall's lemma that 

ll«'WllA(t),o+ / P(s)l|A(t).if^s< PWIlA(t),o + exp{r(M(l + aa/3)7o + 7i)} / ||$(s)|U(.),i 
Jo Jo 

< M(l + 70) exp {(A/(l + aa/3)7o + 7i) T} / ||/(i)|[A(f),i + a«^||/»|| 

Jo 

This implies that $ : a' t ^ -^Aq k t ^ k t ^ k t '^^ ^ contraction for the norm 



max 



l^max Uit)\\x{t).Q, ll'/'(i)llA(t),ic?i 



under condition c) of Theorem 3.1, and condition d) allows us to conclude the existence of a solution 
starting from go- D 

Proof of Corollary 3.2. By Lemma 1.3 we now obtain in the case a = 1 that, for all (t, a;) e (0, T] x M, 
f d{p{t,x)^-d^V{t,x), 

I dt[d^V{t, x)) = -d,,{p{t, x)d^P{t, x)) + {V{t, x)p{t, x)) , 
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where p{t, x) := p{t, x) — 1 = f{t, x, u)du — 1, V{t, x) := uf(t, x, u) du and 
dxP{t, x) = —dx /][{ u^fit, X, u) du. Hence, for all A > 0, 

r dtmt)h<\\d.v{t)\\,, 

\d4dxvm,<\\dxPmx\\d.mh + \\dipmx\\mh+pm^ 

(3.7) 

With A{t,X) := \\-p{t)\\x and B{t,X) ;= \\dxV{t)\\x we have 
r dtA{t,X) <B{t,X), 

\dtB{t,X) < {\\dxPmx+m{t)h)dxA{t,X) + {\\dlP{t)\\x+f3B{t,X))A{t,X). 

From these inequalities, since the terms in parentheses are bounded, the conclusion is obtained by similar 
arguments as in the case /3 = 0. If now a = 0, we obtain the equations, for all {t, x) G (0, T] x R, 

f dtpit,x) = -dccVit,x), 

\ dt{dxV{t, x)) = -dx{p{t, x)dxP{t, x)) + l3dxV{t, x) 
whit the same notation as before. This yields 
r dtA{t,X)<B{t,X), 

\ dtB{t, A) < \\dxP{t)h9xA{t, A) + \\dlP{t)\\xA{t, A) + (3B{t, A). 

Since the remainder of the proof in the case /3 = relies on the inequality satisfied by the sum y(t, A) := 
A{t, A) + bB{t, A), by suitably modifying the constants therein one can conclude in a similar way. □ 

4 Local solutions for the incompressible Langevin SDE 

We finally briefly state the main consequence of the previous results for the SDE (1.2). 
Corollary 4.1. Let T > be a time horizon and pq : T x M — > ]R-|_ a probability density such that 

• J^po{x,u)du = 1 for all x G T, 

• dx /jj up(){x, u)du = for all x e T, 

• Po (or equivalently its periodic extension to M.'^) and the constant T > satisfy the assumptions of 
Theorem 2.5 (resp. Theorem 3.1)). 

Then there exists in [0,T] a solution to the stochastic differential equation (1.2) in the case a and 
13 (resp. (3 e Kj. 

Proof. We deal with the general case /3 S M. Let / be the solution to equation (VFPK) given by Theorem 
3.1 for /o equal to the periodic (in x) extension of po to R^. We know from Corollary 3.2 that / is 1- 
periodic, and so are also the functions Pf(t,y) := — J^u'^ f(t,y,u)du and Vf{t,y) J^uf{t,y,u)du. 
In addition, since Pf and V/ have derivatives of all order in y G M which are bounded in [0,r] x R, 
the following stochastic differential equation, where Wt is a standard one dimensional Brownian motion 
independent of the random variable (Yq, Uq), has a pathwise unique solution {Yt,Ut): 

dYt = Ut dt, dUt = adWt - dxPfit, Yt)dt - l3{Ut - aVfit, Yt))dt, 
law{Yo,Uo) = /o(y,w)l[oa](j/)(iydu. 

Now, the coefficients of (4.1) satisfy Hormander's condition. Indeed, introducing the vector fields 

Vo{x,u) = udx - {dxPf{t,x) + I3{u - aVf{t,x))) 9„, 
Vi{x,u) = crdu 
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the Lie bracket between Vq and Vi is given by 



[Vo, Vi] (j/, u) = Voo Vi{y, u) - Vi o V^iy, u) 

= udy{adu) + {dyPf{t, y) + - aVf{t, y)) 9„(cr5„) 

- adu{udy) - adu {{dyPf{t,y) + I3{u - aVf{t,y))) du) 
= -ady + adu {dyPf{t, y) + I3{u - aVf{t, y)) du 
= -crdy - Padu- 

This shows that 5'pan{Vi, [Vb, Vi]} = M? . Thanks to the time regularity of the coefHcients, one can 
use Malhavin calcuhis to (see [!)]) to show that {Yt,Ut) admits a iy°°'^(M^)-density qt with respect to 
Lebesgue measure for each t G [0,r]. As a consequence the density pt{x,u) = J^kez^tix + k,u) of 
the random variable {Xt,Ut) = i[Yt],Ut) in T x R is itself W^'^iT x M) so that, by classic Sobolev 
embeddings (see e.g. [^)]) one gets that pt € C°°(T x R). We further notice that p is also a classical 
Ci'°"-solution to the linear PDE: 

2 

dtp + ud^p - d^PfduP - /? (u - aVf) duP - '^dlp = pp on (0, T) x T x M, 
Pt=o - /o on T X M, 

where Pf and V/ are considered as data. By smoothness of the functions p and / and the maximum 
principle (A. 3) in Theorem A.l applied to the difference p — f we deduce that \\pt — /(<)||oo = for all t. 
That is, the law of Xt = [Yt] is uniform in T for each t and one has Vf{t,Xt) = E{Ut\Xt). This implies 
that (At, Ut) solves the system of equations (1.1). □ 



A Appendix 

A.l A weight function of analytic type 

In this section, we study some properties of the weight function uj(u) ~ c(l + u^) 2 where c, s > are 
fixed constants. Notice that if s > 3 one has Jj^ ^jjj^^du < +00 and the growth conditions on to and its 
derivatives required in (H^^) are satisfied. We will now show that the functions du \n{Lj{u)) = jj^j^i 

u h{u) = - |(9uln(a;(ii))p ''2(1+^'')" ^^^^ ^ ^('") = ^(") ^ + w9u(lna;(u))) satisfy 

In(aj) G H(Ao) and h,h ^ H(Ao) (H^^) for all Aq 6 [0, 1/4). In particular this will prove part i) of Lemma 
2.4. 

Let us first consider du \n{uj). We are going to identify du ln(a;) for Z > 1 with a function of the form 
[i+u'^y where qi is a polynomial function of order I satisfying qi{u) — su and, for alH > 1, 

qi+i{u) _ ( qi{u) \ _ {I + u'^)duqi{u) - 2luqi{u) 



(1+U2)'+1 "V(l+"^)7 (1+U2)' + 1 

or, equivalently, qi+i{u) — (1 + v?)duqi{u) — 2luqi{u). We can now determine the coefficients {al'-'}o<„<i 
such that qi(u) = X]L=o '^n'''"" observing that, for I > 1, 

I I 
{1 + u^)duqi{u) - 2luqi{u) = (1 + m^) ^ na^^'^u"-! - 2lu^ali'>u'' 

n—1 n—1 n—0 

l-l /+1 /+1 

= ^(n + l)ai'|i^." + E(" - - 2^ E 

n=0 n—2 n—1 
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Therefore, we have a^^^ ~ 0, aj^-* = s, Cq^'' = Sjai^"* = 0,a2^'' = — s and, for Z > 2, 
4'+iUa('), a('+i)==24')-2Z4'\ 

al'+i) = (n + l)ai'|i + (n - l)ai'^ - 2?ai'I„ if 2 < n < ^ - 1, (A.l) 
and a|'+^' = -(^ + "'(m) = -^"f^- 

Setting a*-'-* := max a^'-*, we deduce the rough estimates: a^^^^'' < 4(1 + l)a'-'^ for I > 2, and then: 
ne{o, ...,;} 

aW < |4'Z! for I > 1. Thus, for / > 1 

, , . g ^ ^ ,,,, 

Consequently, by Lemma 2.1 we have c)„(ln(a;)) € H(A) for all A e [0, 1/4), and from Lemma 2.3-(i) we 
conclude that ln(a;) G H(A) for all A G [0, 1/4). 

As for the function /i, it is similarly checked in this case that for alH > 



2(l+u2)i+2' 

where ri is a polynomial function of order /, defined for I > 2. The coefficients {&n''}o<ri<i such that 
ri{u) = EL=o^«^^" satisfy foj,^' = .s/2, 0, = -(« + s^)/2 and moreover, for aU / > 2, the 

recurrence relations (A.l) with replaced by bH"^ . It follows in a similar way as before that 



\dlh{u)\<'-^A^{l + 3)\ 

and we conclude as well by Lemma 2.1 that h G H(A) for all A G [0, 1/4). 

Finally, we have u9„(lncj(u)) = s— so that we only need to check that the function jq^ja- belongs 

to the space H(A) for A G [0, 1/4). Plainly, for each / > 0, 9^ (iTi?') " ( i 1 ^o^^i^ polynomial ji 
of order /. This yields a recurrence relation for the coefHcients that only differs from (A.l) in that the 
factors —21 are replaced by — 2(^ + 1). The conclusion thus follows as previously. 

We end this technical section verifying claim ii) of Lemma 2.4. Since dlu = for j > s and 
\diu}\ < k{s){1 + u^)* for j < s, we have a^5^(/o(x, u)w(w)) = X^j^o (i-jy.j] diuj{u)dl-^ (di^Mx, u)) and 
we deduce from the assumptions that 

using also the fact that ^'^l^-j)"''' ~ ^'(^ ^ j + n) ■ ■ ■ {I — j + I) < {I + n)\ for all j < I. The last assertion 
of Lemma 2.4 is an immediate consequence of the previous and of the proof of Lemma 2.1. 

A. 2 A maximum principle for kinetic Fokker-Planck equations 

We next give for completeness a brief proof of the version of the maximum principle that has been used 
throughout. 

Theorem A.l. Let d > 1 and cr G M. Consider bounded functions /q-.M.'^xM.'^^M. and F,c : 
[0,r] X M'' X M'' — >■ M and a function (j) : [0,r] that grows linearly in [x, u) uniformly 

in t G [0,r]. Assume moreover that all these functions are of class C'^'°° and have bounded derivatives 
of all order. Then, there exists a unique solution f of class C^'°° to the linear Fokker-Planck equation in 
Qt [0,T] X M^d . 

dtf{t, x,u) + u- Vxf{t, X, u) - (j>{t, X, u) ■ V„/(i, x, u) - — A„/(t, x, u) + c{t, x, u)f{t, x, u) = F{t, x, u), 



f{0,x,u) = foix,u) on 



l,2d 
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which is bounded in that domain. Moreover, the function t H- ||/(i)||oo is absolutely continuous, and for 
almost every t e [0, T] one has 



^||/WI|oo<||cW||oo||/W| 



\m\\oo. 



(A.3) 



Proof. In the case cr 7^ 0, existence of a bounded solution of class C^ °° can be obtained by probabilistic 
methods, considering the unique pathwise solution (X*'^'", J7*'^'")t<s<T to the stochastic differential 
equation in M'^ x M'^: 



u+ ^{T-r, X;'"'", [/;'"'")dr + a{Ws - Wt) 



where is a standard d-dimensional Brownian motion defined in some filtered probability space. Fol- 
lowing Friedman [f 0] p. 124, one shows that 

-t:x.u \ ^^^^ J / 



{t,x,u) ^f{t,x,u) 



T~t,x,u jjT~t,x.u 



)de 



E 



JT-t 



T — t,X,U jrT — t^X^U 



c{T-s,X 



' ^ s 



')ds ) cie 



is a solution to the Fokker-Planck equation. Moreover, using Ito' s formula one shows that any bounded 
solution has the previous Feynman-Kac representation and is therefore unique because of uniqueness in 
law for the previous SDE. Furthermore, the Jacobian matrix of the flow {x,u) n- (X*'^'", Up'^''^) satisfies 
a linear matrix ODE with bounded coefficient given for each r G [0,T] by the Jacobian matrix of the 
function {x,u) H> {u,(j){T — r,x,u)). This implies (by Gronwall's lemma) that {x,u) 1— )■ (X*'^'", J/]'^'") 
has bounded derivatives of first order, and then of all order by applying inductively a similar argument. 
Taking derivatives under the expectation sign in the above representation and using moreover the regu- 
larity of po, (f>, c, -F, one then deduces that /(t, x, u) has bounded derivatives of all order in (x, u). Now 
set f{t, X, u) := /(T — t, x, u) and apply Ito's formula to get 



t,X,U TTt,X,U 



) = fit, x,u)+ {cf ~F){T~ r, X^'--", C/;'--«)dr + a / V/(r, X*'-'", Ul^-^^)dWr 



for all t < s < T. Taking expectations we deduce that 

E/(r - s, X*'^'", C/*'^'") = f[T -t,x,u) + E [{cf -F){T- r, X^'^-", C/^'^-"))] dr, 
which implies (taking 6 ^ T - s < 9' = T - t) that 

||/(e')llco-||.mi|oo< f ||c(r)|U||/(r)|U-f ||F(r)|Udr 



(A.4) 



for all < < 0' < T. Notice now that / defined above is a classic solution of the equation 



dtf{t, x,u) ~u - Vxf{t, X, u) -f (t){t, X, u) ■ V„/(i, x, u) - — A„/(t, x, u) - c{t, x, u)f{t, x, u) = F{t, x, u), 
f{0,x,u) = f{T,x,u) on 



p2d 



where (/)(i, x, u) = (f>{T — t, x, u), cit, x, u) = ciT — t, x, u) and F{t, x, u) = —F{T — t, x, u) — a^Auf{t, x, u) 
is a bounded function. We can thus apply inequality (A.4) to the function / and deduce that 

||c(r)|U||/(r)||oo + \\F{r)\\^ + <j'\\A.Jir)\\^ dr < ||/(0')IU - ||/(0)||oo 

for all < 61 < 6*' < r. This inequality and (A.4) imply that t ||/(<)||oo is absolutely continuous, and 
the upper bound (A.4) then yields the asserted bound (A.3) on the a.e. derivative. 

Finally, the same arguments go through when considering the corresponding ordinary differential 
equation obtained when taking the limit cr — > 0. 

□ 
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A. 3 Proofs of Lemmas 2.10, 2.11 and 3.4 

We provide here the proofs of Lemmas 2.10, 2.11 and 3.4 following arguments of [12]. Their truncated 
versions used in the proof of Proposition 2.12 are obtained in a similar way. namely replacing in the next 
proofs the norms |j • ||A,a by their truncated versions || • \\x^a,A for each A G N, and the sums over N by 
sums over the set {0, . . . , A}. 



Proof of Lemma 2.10. By definition, we have 
1 d" 



E 



Then we see that 



(a!)2 dX^ 



A,0 



HU.iII-IU4) = E7;;t^E^^;;^II/II 



d"- 



(a!)2 ^ "dA'- 



A,0 



dX''- 



IklU.llklU,!)- 



Ey^E^^^I^II/IU.o^dblUaliu'lU,!) 



E 

reN 

E 



E 
E 
E 



'^■''E (^dA«^ (IklU.ilkllA.i) (since— IIV'lU.o = llV-IU^pby definition) 



c: 



l/IU- E TTlfl E ^a^r (Ikll A,,+l Ikll A,a-,-.+l) 
^ q=0 



a—r 
+00 a 



(jr (jq 

EE ^^„°T1m°2 (lklU,9+i||w||A,a-g+i) (by a chaugc of variables) 



a=0 g=0 

+ 00 / 



((a + r)!)2 

+ 00 



|A,r^ ( \\v\\x.c,+lY,\\MU.a-q+l-^^^^^^ 



q=0 

+ 00 



a—q 

-\-QO 



Ia,.E ( IK'IIa,.+iEII^IU^«+i77%^z% 

^oV t'o ((a + r + g)!)2^ 



Thus, 



1 

E (a^)2dX^ (ll/l|A,o|k||A,l||w||A,l) 



sr^ \\j\\\,r (g + 1)" II II + II II 

Ew§((^TW''^'''^'^^^S((^TW'^ 



+ 00 



(a + 1)2 



where 



(H)2((9 + l)!)2((a + l)!)2c,V^^C,\, 



(H)2 ^o((g + 



,o+l- 



(a + l)2(g + l)2((a + r + g)!)2 



The claim follows since 



(r!)2((g + l)!)2((a + l)!)2c;+^^^C,%^ ^ a!g!r! 
(a + l)2(g + l)2((a + r + g)!)2 (a + q + ry.' 

(^<1. Va,g,rEN. 



□ 
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Proof of Lemma 2.11. One has 

a6N ^ ^ aeN ^ ' \r=0 / 



A,r+i||w||A,a-r+i 1 (sincc — 1 1 || A,o = ||V^|U,pby definition) 



where 



E (a!)2 (E'^" 

aeN ^ ' \r=0 

/ + 00 „^ \ 

= Eii/iu^'^+i Et^ii-iu^-'^+i 

reN \a=r ^ / 

a=0 '^■^ / 

^^((r + l)!)2Z.((« + i),)2 ((a + r)!)2 

C„V((a + l)!)^((r + 1)!)^ _ (a + l)(r + l)(a + l)!(r + 1)! 



((a + r)!)2 (a + r)! 

As in [12], we observe that when a > 2 and r >2 one has 

(r + l)(a + l)(a + l)!(r + l)! ^ 
(a + r)! 

Indeed, for r > 2 and a > 3, 

(r + l)(a + l)(a+l)!(r + l)! _ 1 x • • ■ x (r + 1) x (r + 1) x^^2x3x4x 5 x ■ • • x a x (a + 1) x (a + 1) 



(a + r)! 1 X • ■ • X r x (r + 1) X (r + 2) (r + 3) • ■ • x (a + r - 1) x (a + r) 

5 X ••• X (a+1) X (a + 1) 

< 4! X 



(r + 3) X • • • X (a + r — 1) X (a + r) 
< 24, 



where a > 3 was used in the first expansion and r > 2 in the second inequahty. If r > 2 and a = 2 then 

(r + l)(a + l)(a+l)!(r + l)! ^ (r + l)(r + l)! ^ 
(a + r)! (r + 2)! 

If a < 1 or r < 1 we have to separate the corresponding terms in the estimation. Then, we get 
V- 1 ll/IU.''+i \Hx,a+i ^ (r + l)(a+l)(a + l)!(r + l)! 



I/IIm E ((a + l)!)2 (° + 1) + 4|I/IU,2 E ((a + i).)2 (^ + 1) 

A,r+1 ||v||A,a+l 



< (iihIa.i + 4|K'||a,2) \\fu,x + (ii/iia,i +4||/iia,2) iihi«,a + 24E tttttwE 



H«l|A,a+l 

>,((r + l)!)\^,((a+l)!)^ 
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Since T,a>3 1^ ^ II"I1-h,a ^ II"I|-h,a and J2r>3 - II-^II«,a ^ the latter expression can be 

bounded above by 



a>3 I \ '•>3 ^ ^ 

<16(||/||^,JIHIw,a + ||/||«,a|K'||^J 

and with the bound ||w|| Aa + 4||w|| a,2 + 12 X]a>3 ■'t^tj^^ < 16||w||-h,a for w = /, ?; we estabhsh (i). Using 
the bound ||u||a.i + 4||t;||A,2 + 12 X]a>3 ^^('a!)2'' < 4||z;||^ ^ we alternatively obtain (ii). □ 

Proof of Lemma 3.4- Replicating the first computation in the proof of Lemma 2.11, we obtain 
Since, for all a, r g N, 

QV((« + l)!)^((r)!)^ ^ a!r! 

((a + r)!)2 {a + r)l " ' 

we deduce (i). In the same way, (ii) is obtained by replicating the first computation in the proof of 
Lemma 2.10 in order to get 

V- 1 d'^ n,f, I, , V-II/IIa..^ {q+ir „ „ ^IkllA.g («!)^ (H)^ ( (g + 1 ) 

^(a!)2dA° ^ (r!)2 ^((g + l)!)2 ^ (a!)2 + l)2((a + r + g)!)2 

and by observing that 

(«!)2(r!)2((g + 1)!)^C,V+,C,V, ^ a!r!g! ^ ^ 
(g+l)2((a + r + g)!)2 (a + r + g)!~ 

□ 
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